COLOMBEAU GENERALIZED FUNCTIONS AND 
\b'- SOLVABILITY OF DIFFERENTIAL OPERATORS 

O 
O 

■ KHALED BENMERIEM AND CHIKH BOUZAR 

I Abstract. The aim of this paper is to prove that the weU known non 

^SJ ■ solvable Mizohata type partial differential equations have Colombeau 

generalized solutions which are distributions if and only if they are solv- 
' ^ ' , able in the space of Schwartz distributions. Therefore the Colombeau 

'^'n ■ generalized solvability includes both a new solution concept and new 

mathematical objects as solutions. 

■3' 

d ■ 1. Introduction 

Colombeau generalized functions were introduced , see in connection 
with the so-called problem of multiplication of Schwartz distributions |15j . 
They were developed and applied in important nonlinear problems, see 0, 
\^ ' and |14j . General methods of construction of such generalized functions 

00 ■ were given in ^ and The authors of |12j have tackled the linear 

I counterpart of this theory. 

The theory of Colombeau generalized functions provides new solutions of 
^ . partial differential equations; these new solutions can be divided into two 

O I categories: 

r~| ■ 1) there are classical functions or distributions which are solutions (in one 

"j^ I of the new senses provided by this theory) of partial differential equations 

without solution in the sense of distributions, e. g. see [2], COj, [7j and 

2) there are also new objects (such as the square of the Dirac delta dis- 
^ ' tribution,...) which can be solutions of equations. 

In [S] the fundamental concept of regularized derivatives was studied and 
results on global solvability, in the framework of this theory, of the Cauchy 
problem for large classes of regularized partial differential equations have 
been given. In particular, the well-known non solvable Mizohata differential 
equations with regularized derivatives become solvable in the Colombeau 
algebra. It is then interesting to show the relation between Colombeau 
generalized solutions and distributional solutions if they exist. 

The paper deals, in the framework of the simplified Colombeau algebra, 
with a class of differential operators non solvable in distributions theory. We 
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show that their Colombeau generahzed solutions as regularized differential 
equations are in relations with distributional solutions if and only if they 
are solvable in the space of Schwartz distributions. Therefore in the general 
case in which there are no distributional solution, the new solutions from [£] 
are not associated with classical objects, even if they are solutions in a new 
sense: an enlargement of the reservoir of mathematical objects that could 
be solutions is really needed. 

Acknowledgements: The authors thank Professor J.-F. Colombeau for 
the suggested amelioration of the paper and Professor M. Oberguggenberger 
for the useful comments on Theorem 4. 

2. Simplified algebra of Colombeau 

In this section we recall the simplified Colombeau algebra of generalized 
functions and some needed notions of this theory, for a deep study see j^j , 
[H] and jl4j . Let Q he a non void open subset of and I = ]0, 1[ , define 
Xm (^) as the space of elements (ue)^ of x (^) = {^))^ such that, for 
every compact set -fC C Jl, Va G Z^J., 3m > 0, 

(2.1) sup < 0(e-™) , as e ^ 0. 

By A/'(0) we denote the elements (us)^ € xm {^) satisfying VK C ^l, Va G 

z^, yq > 0, 

(2.2) sup Id'^uel < O (e"?) , as e ^ 0. 

x€K 

An element of xm {^) is called moderate and an element of Af (Q) is called 
null. It is easy to prove that xm (^) is an algebra and M (J7) is an ideal of 
XM {^) ■ 

Definition 1. The simplified algebra of Colombeau defined on denoted 
Qs {^) , is the quotient algebra 

XM m 



The algebra of Colombeau Gs (^) is a commutative and associative dif- 
ferential algebra containing D' (fi) as a subspace and C°° (17) as subalgebra, 
see for details [S] and where others important properties of this 
algebra are studied. 

Recall the notion of association relation in the Colombeau algebra Qg (J7), 
a generalized function u ^ Qg (12) and a distribution T £ D' ($7) are called 
associated, denoted n T, if there exists (ue)^ a representative of u such 
that, V(/> G (n) , 

lim j Ue (x) 4> {x) = {T, (j)) . 

We introduce, for our need, an association relation less stronger than the 
classical association. 
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Definition 2. A generalized function u ^ Qs {^) and a distribution T G 
D' {VL) are called locally associated at xq G il, denoted u ~a;o T , if there 
exists (u^)^ a representative of u and uj C Q an open neighborhood of xq, 
such that, Mcp £ (w) , 

lim / Ue {x) (f) {x) = (T, (j)) . 

The proof of the following result is easy. 

Proposition 1. Let u £ Qs (^2) and T £ D' [Q) , then u T^Mxq E Vt, if 
and only if u ^ T. 

3. Regularized partial differential equations 

For the concept of regularized derivatives of Colombeau generalized func- 
tions and its application to general Cauchy problems see Denote by 7i 
the set of non-decreasing functions h : I ^ I, such that lim h (e) = 0. 

Let p G C^{R'^) and jp{x)dx = 1, we define the sequence {pe)e by 

Pe{x) = ^p{^^),e(^I. 

Definition 3. Let u £ Qs (M"^) and h ^Ti, the partial regularized derivative 
of u with respect to Xj, denoted (dx ] u, is defined by 



(Sx,)^ w = cl [dx^Ue * Ph(e)), 
where {ue)^ is a representative of u. 
Remark 1. We have(dx ^ u = u and for a G 



I Uj Ui UjILUj IKJ I Lt >^ Zi-J I . 



It is clear that d^u may be defined by the representative yd°'Us * Ph^g,) 

where p^^^^^ = p^(g) * Ph(e) * Ph{e)> convolution is taken \a\ times. The 
notion of regularized derivative is well defined and its class is independent 
of the choice of the representative (u)^. 

In order to study the existence and uniqueness of Colombeau general- 
ized solutions of Cauchy problems with partial regularized derivatives, one 
introduces the algebra of generalized functions suitable to this context. 

We denote by Dloo (O) the algebra of restrictions to Q of smooth functions 
defined on with all derivatives bounded. With the same method of 
construction of the simplified algebra of Colombeau, we define the simplified 
algebra of global generalized functions, denoted Gs,g {^) , by the quotient 
algebra 
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where 

£M,s,g [H] = Uue), G £s,g [H] : Vo G Z^,3p > 0, || 9"^/, ||^^ (j^) < O (ff-P)} 

and [H] = (Dloo (n))^ 

It is easy to see that £M,s,g [f^ is a differential subalgebra of Sg^g [O] and 
Ms^g pT| is an ideal of £M,s,g • 

Proposition 2. Lei n G Dloo [W^] ,a e Z'l and h £ H, ifh (s) =0{e),e ^ 
0, then 



(3.2) a^n = m & 



Remark 2. /n general ifu^Qs (W^) , d^u ^ in gs,g {R'^) . For exam- 
ple, denote H the Heaviside function on M, then 



dhH / H' in g, 



s,g 



Let T > 0, h e n and W = [-T,T] x M'^ , the regularized derivative of 
an element u of Qs,g (W) with respect to xj is defined as 

px,)^ = Cl {d^^Us (t, .) * Phie))^^j , 

where {us)^^j is a representative of u and p £ S (M°') satisfies 



(3.3) 



i) j p (x) = 1 



ii) / x°'p{x)dx = 0,Va G N'^ 
Now we consider in C/^^g (W) the following linear Cauchy problem 

{dtu + X] «Q^h ^ = / 
|a|<m 
u{0,x) = uo{x) 

where a„ G Z?loo {W) J e Gs^g {W) and uq G Gs^g (K'^) . 
One of the main results of the paper ^6^ is the following. 

Theorem 1. The linear Cauchy problem icl.4\ ) admits a global unique solu- 
tion u G Gs^g (W) if there exists p G Z+ such that 

(3.5) e^-'^(^)"'" = O {e-P) , 

w/iere Co = II 11^1 /jgdN and C = Ca \\aa\\ (^^yy 

|«|<»n 



GENERALIZED FUNCTIONS AND DIFFERENTIAL OPERATORS 



5 



4. NON SOLVABLE DIFFERENTIAL OPERATORS 

The following differential operators 

(4.1) ^^"l + ^wl:. 

where b G C°° (M) satisfies the condition 

(4.2) tb{t)>o,yteR*, 

are called differential operators of Mizohata type. We know, see jl3| . that 
such operators M are not locally solvable at the origin in the framework 
of Schwartz distributions. A construction of a function / G (R-^) such 
that there is no locally distributional solution at the origin of the equation 
Mu = / is given in 

Remark 3. It is well known that the operator i4.1^ with the condition 

d d — 

is reduced to the Mitzohata operator — + ^/ ^^"^ on/y if b{0) = and 

b' (0) 7^ 0, see Treves 16 . In our case the function b (t) may have a zero at 
the origin of infinite order. 

In this section we give a necessary and sufficient condition for local solv- 
ability of the equation 

(4.3) Mu{t,x) = f{t,x), 
where / G (M^) . 

Let B (t) = Jq b (s) ds and define the function Kf by 

;>+oo /•+00 

Kf{x)= / e^(-+*^(^))«/(s,0rf5^ie, 

Jo J-oo 

where / (t, ^) is the Fourier transform of / {t, x) with respect to the variable 

X. 

Theorem 2. The equation i4.cl\ ) admits a local distributional solution at the 
origin of M? if and only if the function Kf is real analytic at the origin of 
R. 

Proof To solve the equation (|4.3|) we formally apply the Fourier trans- 
formation with respect to x, then 

(4.4) ^(^t,0-b{t)^uit,0 = fit,0, 
hence 

(4.5) u{t,0= re(^W-^(^))%,Od^. 

J to 

To recover u we must apply the inverse Fourier transformation to u, so the 
choice of to is important. In (|4.5I) . we choose to such that (-B(t) — B{s)) ^ < 
0, G M. By the condition (|4.2|) the function B is increasing for t > and 
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decreasing for t < 0. 

For ^ < 0, we choose to = 0, and we define u by 

Jo 

For > 0, we take 

(4.6) u{t,0 = 
In this case the function u admits a jump at t = given by 

/+00 
-oo 

Consequently, we obtain in the distributional sense 

Oil ^ 

(4.7) ^ {t, - b it) en (t, = f (t, + [u (0+, - S (0- , 0] -5 (t) , 

where (5 is the Dirac measure at 0. 

The inverse Fourier transform of 1)4. 7() with respect to ^ gives 

(4.8) Mu{t,x) = f{t,x)-6{t)Kf{x). 
Let H (t) be the Heaviside function, then 

M (u (t, x)+H (t) Kf (x)) = f {t, x) + ib (t) H (t) {Kf (x))' . 

The term ib{t)H{t) (Kf (x))' in the last equation is eliminated thanks to 
the following function 

which is well defined as Kf (x) is assumed to be real analytic at the origin. 
Therefore the function v admits an holomorphic extension to a neighborhood 
io of the origin of C. Further the function v satisfies the equation Mv(t, x) = 
ib{t)H{t) {Kf)' {x). Define 

(4.9) w {t, x) =u {t, x) + H (t) Kf (x) - V {t, x) , 
then 

Mw{t,x) = f{t,x) , 

i.e. w {t,x) is a solution of the equation ()4.3() . 

The constructed solution w is of class C°° in a neighborhood of the origin. 
Indeed, we remark that if i 7^ the operator M is elliptic so w is C°° when 
t / 0. To show that w is C°° we study the case t = 0. We have 



w {t, x) = H (t) A (t, x) + H {-t) B (t, x) , 
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where 
A {t, x) 

and 
B{t,x) 



f f 

J-oo Jo 



^{ix+B{t)-B{s))S. 



f + OO f + OO 

Jo Jt 



,(.ix+B{t)-B{s))S. 



p+oo r+oo pt 
+ / / ^^i.+^B(smf^^^ ^^^^ _■ ^j^fY _,^B{t)-B is))) 

Jo J-oo Jo 



ds 



/u ft r+oo ft 

-oo Jo Jo J — oo 



It is clear that w {t, x) is C°° with respect to the variable x. Moreover we 
have 

^td^,w{t,x) = H{t)4dlA{t,x) + H{-t)did^B{t,x) 

i-i 

+ S^'^ (t) {dj-'-'d'^w (0+, x) - di-'-'d',w (0_, x)) 

i=0 

= H{t)d->d',A{t,x) + H{-t)did^B{t,x) 
i-i 

+ 5« it) {di-'-'d',A (0+, x) - di-'-'d',B (0_ , x)) . 



i=0 



p+oo r+oo 

Jo J- 



,{ix+Bit)-B{sm 



f{s,0 dsdi-Kf {x) + 



+i b{s){Kfy{x-i{B{t)-B{s)))ds, 



We also have 
B (t, x)-A [t, x) 



then VZ, k G Z_|_, 5^9^ {B {t, x) — A {t, x)) is a finite sum of the following terms 

r f+co f+oo 

6('i) {t) }}^ it) / / ^h+k^{ix+B{t)-B{s))iJ(^^^ ^) ^^^^ 

- {-if' ^if/('3+fc) (^) -i j\ (s) {Kff'+^^ {x-i{B (t) - B (s))) ds^ 

where li,l2 and ^3 depend only on Z. It is clair that these terms equal all 
zero when t = 0, then 

did'^w {t, x) = H it) did^A it, x) + H i-t) didj^B it, x) 

which give w G C°°. 

The proof of the necessity of the analyticity of Kf. Let us suppose that 
there is « G such that Mu = / in a neighborhood of the origin and 
let X £ Cq° (M^) , X = 1 in a neighborhood of the origin and suppx C Jl. 
So ixf) satisfies locally Mu = xf and therefore the function Kfix) can be 
written in the form 

/+00 r+oo r+00 
/ / e^(-2/+^^W)€--« i^f)is^y)-ldyds . 

-00 J-oo Jo 27r 
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Consider the integral 

/• + 00 I- + QO I- + CO jc 

Kefix) = I I I e^(-^+^^(^))«-«^ ixf) is,y)^dyds 



QO JO 



then 



— oo J —oo JO 



KJ{x) =111 e'(--y+^^'^'^^^~'^ M{xu){s,y)^dyds 



oo f+OO f+OO 



oo Jo 



(4.10) - I ~ I ~ I ' e^(^-2'+^^(^))«-^€'u(Mx) {s,y) ^dyds 



27r 



An integration by parts of the first term of the second member gives 

r+oo r+oo /•+QO jc 

(4.11) / / / e^(^-^+*^(^»«-"« M(xn)(s,y)^dyds = 0, 



oo Jo 



27r 



hence 

/+00 r+oo r+oo jp 
/ / e^(-^+*^(^))€--€ -ln(s, y)Mx {s, y) dyds . 
-oo J-oo JO 

Consider now the deformation of the path of integration with respect to ^ 
in K^f[x) by taking the contour F defined by 

/ i X — y \ 

C = p(i + -- ^ , P>o. 

Hence, for any e > fixed, we have 
(4.12) 

/+00 f+co r- JA 
/ / e*(-s/+^^W)C--C ^u{s, y)Mx (s, y) dyds. 

r 

The function K^f (x) is analytic in x for each fixed e. It remains to show 
that lim Kf^f {x) is analytic at the origin. For this need, we have to estimate 

e— >0 

uniformly the expression Kf^f [x) . Since Mx = in a neighborhood of the 
origin, as x = 1 in this neighborhood, so in ()4.12p the integral with respect 
to s and y is taken outside a rectangle, i.e. either |s| > ci or \y\ > C2- Con- 
sequently, B (s) > C3 or |x — ?/| > C4, where {cj)^^^ are positive constants 
not depending on s, y , x. Then 

3 

Im {{x-y + iB{s)) ( - ieC,'^) > cp + -ep"^, 

from this estimate we conclude that limi^'£/(x) is analytic with respect to 

X in a neighborhood of the origin. 

Now suppose that u G D'\C^ and n is a solution of Mu = /, then w is a 
C°° function of t with values in D' (M) , see theorem 4.4.8 jH]. By the local 
structure of distribution, we can assume that, there exists a function v S 
(M^) such that u = d^v. As M (5ft;) = 5f (Mv) , we may substitute 
d!^ V for u in (|4.inj) and proceed in a same way to obtain the general result. 
□ 
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5. Differential operators of Mizohata type in Qg^g 
Consider in Q^ g (W) , W = [—T, T] x M, the fohowing equation 

(5.1) dtU + ib{t)a,hU = f mgs,g{w), 

where f € (M^) ,h(£n,b(£ Dl^ (M) and 

tb{t) > 0,t G M* , 
Then we have the following result. 

Theorem 3. Let U = cl (us)^ E Qs,g (W) be a solution of i5.1\) which is 
locally associated to a distribution v ^ D' (uj) at the origin, then the function 
Kf is analytic in a neighborhood of the origin ofR. 

Proof Let us suppose that a solution U = cl (ue)^ of is locally 

associated to a distribution v at the origin, then there is a neighborhood oj 
of the origin such that, V0 G (uj) , 



lini / Ue {t, x) (j) {t, x) = {v, 



We have 



{dtU,)^ + ib (t) {d^Ue * Ph(e)), - / e A4,g [W] , 

where the convolution takes place in the x-variable at fixed t, so 
Ihn ((dtUs)^ + ib (t) [d^Ue * Ph{e)) ^ - /) = in (w) . 



Since V/i G Ti, the sequence {ph{e))e converges to the Dirac measure, as 
e — > 0, then G (uj) we have 



Ihn J [d.j;Ue * Ph{e))^ ^) = {d'xV, 4>) , 

hence dtv + ib (t) dxV = f m. D' (lD) , i.e. f; is a solution of the equation 
(5.2) Mu = f m D' (u) , 

consequently, by theorem [2 the function Kf is analytic in neighborhood of 
the origin of M. □ 

Theorem 4. If Kf is analytic in a neighborhood of the origin o/M, and the 
distributional solution v (z D' (uj) of i4.3^ satisfies {dx)hV = dxV, then i5. 1]) 
admits a solution U = cl [u^)^ G Qs^g iW) which is locally associated to v at 
the origin. 

Proof Let us suppose that the function Kf is analytic in a neighborhood 
of the origin, and let v (z D' (uj) such that 

Mv = f in D' {to) . 
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Moreover, see the proof of the theorem [21 v is of class C°° in oj. Let d 
then V G Dloo {p^ and by the fact that {dx^ v = dxV we have 

(5.3) dtv + ib (t) (K?j^v = f in gs,g m . 

Let U he a solution of the equation (|5.1|) in Qg^g {W) with the initial data 
given by U (0, x) = [v (0, x)] , then in Gs,g {^) we have 

dt{U -v)+ib{t) (d'x^ ^{U - v) = 0, 
{U -v) {0,x) = 0. 

The uniqueness of the generalized solution in the theorem ^ gives U — v = 
in Gs,g {^), hence U ^qv. □ 

Remark 4. The condition (dx^ v = d^v may he replaced by the condition 
h{e) = 0{e) ,e ^ 0. 

For the Mizohata equations under consideration the new generalized so- 
lutions from the method in [B] can be associated with distributions only in 
the case these equations are solvable in the sense of distributions theory. 
This follows at once from theorems |2 El and 
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